Abstract. We consider the comparative calibration problem in the case when linear relationship is assumed between two considered measuring devices with possibly different units and precisions. The first method for obtaining the approximate confidence region for unknown parameters of the calibration line applies the maximum likelihood estimators of the unknown parameters. The second method is based on estimation of the calibration line via replicated errors-in-variables model. Essential point in this approach is approximation of the small sample distribution of the Wald-type test statistic. This enables to construct the interval estimators for the multiple-use calibration case.
Introduction
We consider the problem of comparative calibration in small sample case. This paper presents two methods for obtaining the approximate confidence region for unknown parameters of the calibration line and to construct the interval estimators for the multiple-use calibration case. This is useful for linear univariate comparative calibration problem with possibly different and unknown precisions of both measuring devices and enables to construct the interval estimators for the unknown quantity in multipleuse calibration case.
The first method for obtaining the approximate confidence region for unknown parameters of the calibration line applies the maximum likelihood estimators (MLE) of the unknown parameters and relies on the asymptotic properties of the MLEs which are used for construction of the Scheffé-type confidence region for the calibration line. From statistical point of view, the second method is based on the linear errors-in-variables (EIV) model. In a standard situation, the estimators of the calibration function parameters are based on minimization of the weighted total sum of squares in the orthogonal regression with weights inversely proportional to the true standard deviations. If the true standard deviations are (partially or completely) unknown, and should be estimated from the measurements, we suggest to use an alternative iterative algorithm based on locally linearized model for parameter estimation that allows to consider the problem of deriving the approximate confidence region for the parameters. The
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The suggested estimation methods enables to construct the interval estimators for the multiple-use calibration case. In this paper we present and illustrate both methods for construction the approximate confidence interval for the true value of the measurand (in units of the more precise device) in the multiple-use calibration case.
Methods

Estimation of the calibration line parameters via maximum likelihood method
Let us have measurements X 11 , Y 11 , . . . , X n1 , Y n1 . We suppose that the measurements are normally distributed, independent and it is valid that the mean value of Y i1 is
where μ i is the mean value of X i1 and a, b are the unknown parameters of the calibration line (more see in [6] 
We shall assume that this experiment is repeated independently m-times. 
The 
It is valid
The asymptotic covariance matrix of the likelidood estimator (ã,b) is
We use the approximativeΣ
Further, it holds
and From that we obtain the ML (approximative, asymptotic) (1 − α)-confidence region for (a, b)
Estimation of the calibration line parameters via replicated errors-in-variables model
Calibration experiment we can model using EIV model
Vectors of errorless measurements realized using instruments A and B are μ = (μ 1 , μ 2 , . . . , μ n ) and ν = (ν 1 , ν 2 , . . . , ν n ) . Vector of measurements with instrument A is X n,1 ∼ N (μ; σ We get the (approximative) linear regression model
with (linear) conditions on parameters
Dispersions σ (1)- (2), we need to repeat the whole experiment m times independently. The repeated measurements are
The best linear unbiased estimators μ, ν, a, δb in replicated model are (see [2] )
with the covariance matrix
where
The covariance matrix of the estimators (6) 
A natural choice of the initial values resulting from the measurements can be as follows
Further the estimates are computed as follows:â,b from (5),μ from (3),ν from (4),σ 2 x andσ 2 y from (6). The estimation procedure is iterative till the convergence is reached (usually in 4-5 steps). After the procedure is finished, computed is the covariance matrix W according to (7) .
We have obtained
To emphasize dependence of the distribution on the parameters (σ 
y are unknown, we apply the procedure suggested by Kenward and Roger, see [1] , to obtain the adjusted Wald-type statistic and its approximate F -distribution. This procedure was suggested for small range of measured data (in our case small m, n). Kenward and Roger proposed a modified estimator of the matrix Φ of the form
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soΦ A =Φ. The modified estimatorΦ A is recommended to use in the statistics
Further approximation of F is in such a way that λF is 
From that we get
is the EIV (approximative) (1 − α)-confidence region for (a, b) .
Results
Scheffé-type confidence region for the calibration line
By applying the Scheffé's method, see [7] , we directly get the 100 × (1 − α)%-confidence region for the calibration line a+ bμ for all μ. In the case of the maximum likelihood method we get
In the case of using the errors-in-variables model and the Kenward-Roger approximation we get
whereμ 0 = (1 μ 0 )/n. This is directly used for the multiple-use linear univariate calibration, i.e. for measuring with calibrated device.
Multiple-use calibration -measuring with calibrated device
We will assume that the future measurement realized by the calibrated (less precise) measurement device A, say x, is a realization of a random variable X, distributed as X ∼ N (μ x , σ 2 x ), where μ x represents the unobservable true value of the measurand.
First, we suggest to construct the approximate (1−α)-confidence region for the calibration line, for small significance level α ∈ (0, 1), chosen by the user, according to (8) or (9). Second, for small significance level γ ∈ (0, 1), we suggest to construct the approximate (1 − γ)-confidence interval for μ x . For that we suggest to construct t-statistic with approximate t v Student's t distribution
where the degrees of freedom are approximated by the Satterthwaite's approximation, see [8] . In the case of ML methodṽ = nm, see [6] . In the case of EIV approacĥ
where w 11 is element of the matrix W given in (7).
This leads to the approximate (1 − γ)-confidence interval for unobservable value μ x :
The suggested interval estimator for ν x is given as the intersection of the bounds of the Scheffé-type (1 − α)-confidence region for the whole calibration line a + bμ and the limits of the (1 − γ)-confidence interval for μ x , and is given as ν xl ,ν xu (ML method) or ν xl ,ν xu (EIV method). In fact,
for the ML method and
for the EIV based approach. Using Bonferroni's inequality, the intervals (10) and (11) are (approximative) at least (1 − α − γ)-confidence intervals for the (unobservable) value ν x . Preliminary simulation study indicated that the suggested confidence intervals are conservative, i.e. "safe" and appropriate for metrological applications.
Example
In order to illustrate numerically the suggested methods for multiple-use linear calibration case, we have generated a set of artificial calibration data -a possible outcome of simple linear calibration experiment with replicated measurements, see Table 1 . Based on the calibration data from the considered experiment we get the estimated values of the model parameters: After calibration, the less precise device can be used (multiple-times) for estimation of the true value of measurand ν x together with its (approximate) confidence interval, based on observed value x, which is considered to be a realization of random variable X ∼ N (μ x , σ 2 x ). Consider measurement of the measurand whose true (unobservable) value in units of the more precise device is ν x = 11.75. For estimation of the value ν x we can use only the less precise device (in possibly different units). For example, here we have generated measurement x = 7.1097 as a realization of X ∼ N (μ x , σ -Based on the MLE method for estimation of the model parameters from (10) we get ν xl ,ν xu = 9.6223, 12.6138 as an approximate, at least 94%, confidence interval for the (unobservable) value ν x = 0.5 + 1.5 × 7.5 = 11.75. -Based on the EIV model and the Kenward-Roger method for estimation of the model parameters from (11) we get ν xl ,ν xu = 9.4096, 12.8699 as an approximate, at least 94%, confidence interval for the (unobservable) value ν x = 0.5 + 1.5 × 7.5 = 11.75. Figure 1 illustrates construction of the approximate 94%-confidence interval for the (unobservable) value ν x = 11.75 based on the observed value x = 7.1097 by the EIV approach. In Figure 2 are plotted the bounds of the approximate MLE and EIV 94%-confidence regions for ν x , see equations (10) and (11), for arbitrary observation x.
Discussion
As expected, the confidence interval for the true value of measurand, by using the calibrated measuring device and obtained via the EIV method, is in the considered example wider than the confidence interval obtained via the ML method. The EIV method with the Kenward-Roger approximation is suitable for small sample case (as it was suggested), while the ML method is based on asymptotic theory, i.e. is suitable for large samples. But this phenomenon still needs further statistical investigations, as well as the study of the statistical properties of suggested estimators with regard to true values of the calibration model parameters. 
